The growth of a diffusion limited aggregation (DLA) cluster with mass M and radius of gyration R is described by a set of growth probabilities {p i }, where p i is the probability that the perimeter site i will be the next to grow.
I. INTRODUCTION
The growth of a diffusion limited aggregation (DLA) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] cluster with mass M is described by the set of growth probabilities {p i } [15] [16] [17] [18] where p i is the probability that perimeter site i will be the next to grow. One way to analyze the set {p i } is by calculating the "growth-probability distribution" n(α, M), where n(α, M)dα is the number of perimeter sites with α ≤ α i ≤ α + dα,
and R is the radius of gyration of the cluster [18, 19] . We call α-sites those sites which are characterized by the same value of α. The main motivation for studying the distribution n(α, M) is its relation to the multifractal spectrum f (α) [20, 21] of the "measure" {p i }. We define f (α, M) through
where ν is the inverse fractal dimension of DLA, R ∼ M ν . If for large M f (α, M) converges to an M-independent function f (α), then f (α) is usually called the multifractal spectrum.
For 2D DLA, there exist several studies [22] [23] [24] proposing different convergence behaviors and functional forms of f (α) in the limit M → ∞. However, these considerations will not be essential for our arguments concerning the relation of multiscaling and multifractality.
Henceforth we will only assume that some f (α) exists.
During the process of calculating n(α, M), the information about the location of the α-sites is lost. However, some information about the location of the growth sites and their associated values p i may be obtained from the Plischke-Rácz probability P (x, M) [25] , where P (x, M)dx is the probability that the next particle will be deposited at a rescaled distance
x ≤ x i ≤ x + dx. Here x i ≡ r i /R and r i is the distance from the cluster seed. For DLA, the function P (x, M) displays a peak at a constant valuex of the deposition radius [25] .
A simple form for P (x, M) is the Gaussian,
where ξ 2 denotes the mean square width of the deposition zone. Plischke and Rácz [25] suggest that ξ ∼ M ν ′ −ν , ν ′ < ν, where ν is the inverse fractal dimension of DLA, R ∼ M ν , and ν ′ an independent exponent. However, Meakin and Sander [26] find that ν ′ approaches ν as M increases. They also argue that ν = ν ′ in the limit M → ∞.
If (x/ξ) 2 ≃ 2c ln M [27] with constant c, then P (x, M) takes the form
where from (3) φ(x) = c(x/x − 1) 2 and C PR (x) = 1. In general, if C PR (x) is a generic function of x and φ(x) is independent of x we have conventional scaling while if φ(x) is
x-dependent we say that we have multiscaling.
Next, we introduce the annular density ρ A (x, M), where ρ A (x, M)dx is the number of particles in an annulus [x, x + dx] and related to the conventional particle density ρ(r, M)
by ρ A (x, M)dx = 2πrρ(r, M)dr. Since the change of ρ A (x, M) with increasing cluster mass is given by P (x, M) [25] , i.e.,
it was suggested [28] to write ρ A (x, M) in the same multiscaling form as Eq. (4),
where D(x) is the fractal dimension for a thin annulus with average radius x, and C ρ (x) is an amplitude. Note that if φ = φ(x) in Eq. (4), then also D = D(x) in (6) . Multiscaling in (6) has been supported by simulations [28] . Whereas multiscaling for clusters with M < 10 6 has been confirmed very recently by P. Ossadnik [29] , the same study analyzes one very large off-lattice cluster of M = 5 × 10 7 arriving at an ambiguous result, which is consistent with both multi-and standard scaling of ρ A (x, M).
As demonstrated in Ref. [27] , multiscaling results if the α-sites are "localized' in space.
Here, we study the nature of the "localization" of the α-sites and the non-localized behavior of the p i = 0 ("dead") perimeter sites (Secs. II, III). The consequences for the multiscaling hypothesis of P (x, M) and ρ A (x, M) will be discussed in Sec. IV. Moreover, we introduce the notion of a multifractal spectrum in an annulus and find an intriguing combination of multifractal and multiscaling properties (Sec. V) [30] .
II. THE JOINT DISTRIBUTION FUNCTION
In this section we introduce the joint distribution function N(α, x, M), where N(α, x, M)dαdx is the number of perimeter sites with p i > 0 such that α ≤ α i ≤ α + dα and within the annulus [x, x+dx]. The distribution N(α, x, M) can be related to the three functions discussed in the introduction:
(a) n(α, M). By integration of N(α, x, M) over x, we have,
(b) P (x, M). If we use Eq. (1) together with the relation R = M ν -which reflects the well-established fractal structure of DLA -to write the growth probability as M −να , then
(c) ρ A (x, M). One possibility to express ρ A (x, M) in terms of N(α, x, M) is by using Eqs. (5) and (8) . Integration of Eq. (5) with respect to M yields
However, we would like to point out another relationship that does not involve an integration over the growth history of the cluster. First, note that N(α, x, M) only describes perimeter sites with growth probability p i > 0 (alive perimeter sites -in contrast to dead sites with p i = 0, see Fig. 1 ). We denote the annular density profile of alive perimeter sites by ρ
(a)
A (x, M) and that of dead perimeter sites by ρ
A (x, M), both defined in analogy to ρ A (x, M), which describes the density of cluster sites. The sum ρ (a)
describes all perimeter sites of clusters of mass M. Since DLA is a treelike fractal object 
A (x, M); a detailed discussion is given in Appendix A. Consequently, we expect
III. SIMULATION APPROACH
A calculation of the joint distribution N(α, x, M) shows that the x dependence is approximately Gaussian, centered around a valuex ≡ x with variance
i.e.,
Here, the brackets indicate an expectation value with respect to the empirical distribution
In with α results from the stronger screening (large α) in the interior of the cluster (small x).
Next we discuss the functional form of the new distribution function N(α, x, M). As we have shown above, our calculations are consistent with the possibility that for large M,
In (11) we writex = x(α), since we have found thatx for large M depends only on α. The term M νf (α) in the prefactor of the Gaussian ensures that n(α, M) has the multifractal form (2), as one can see by integration with respect to x.
We next discuss the implications for multiscaling of several possibilities for the functional dependence of the width ξ(α, M) on α and M. Preserving the multifractal properties of the distribution, we explore three mutually exclusive cases for the mass dependence of ξ(α, M):
(A) Constant width, ξ(α, M) = A(α). A constant width corresponds to the possibility that both the average location of the α-sites and the width of the growth zone are not mass dependent, implying that both length scales are proportional to the cluster radius R.
(B) "Strong localization," ξ(α, M) = A(α)M −y , y > 0, corresponds to a fast decrease of the width of the spatial distribution of the α-sites. Asymptotically, the α-sites are located at the same distance x(α) from the cluster seed.
where the width still tends to zero, but in a logarithmic fashion with intriguing implications for the scaling behavior of P (x, M) and ρ A (x, M).
Substituting relation (11) into (8), we obtain for the Plischke-Rácz probability
Performing a steepest descent analysis of (12), we now calculate the value α * of α at which the integrand is maximal. In the M → ∞ limit, the resulting condition for α * is
The value of α * which satisfies Eq. (13) is known to be unity [33] , moreover, for α = 1 we have f (α) = 1. Thus, in case (A), P (x, M) is M-independent and has Gaussian shape with constant width ξ = A(1), i.e.,
Eq. (14) does not explicitly depend on M and thus P (x, M) obeys standard scaling.
We perform a similar analysis to evaluate the expression (9b) for the density profile of the cluster,
Here, the condition for the saddle-point value α * in the limit of large M becomes,
The maximum f (α * ) has the value f (α * ) = 1/ν, so that the density can be written as
Formally, Eq. (17) can be cast into the form of Eq. (6),
Note that in case (A) the exponent of r is independent of x and thus also ρ A (x, M) obeys standard scaling.
It is instructive to note the meaning of the values α * from Eqs. (13) and (16) in the multifractal spectrum. The probability to grow at a site with a specific value of α is maximal when the product of growth probability and number of sites with this probability, and thus f (α) − α, is maximal. As can be seen by differentiating with respect to α this condition is equivalent to relation (13) , from which results the dominant value α * that controls the (12) . In contrast, the mass distribution ρ A (x, M) (15) in the cluster is controlled by the α value corresponding to the maximum of f (α), which is the fractal dimension of the set comprising the "majority" of growth sites.
However, the simple possibility that the width ξ(α, M) of N(α, x, M) is independent of M appears questionable. First, a recent calculation [34] indicates that the width of P (x, M) decreases with M. Second, simulation results for off-lattice DLA clusters with M up to 5 × 10 7 are consistent with the multiscaling relation (6) for ρ A (x, M) which precludes an M independent width ξ(α, M).
The implications for case (B), ξ(α, M) = A(α)M −y , are quite different from case (A). Now, the analog of Eq. (12) for the Plischke-Rácz probability becomes
For sufficiently large M, the Gaussian in the integrand tends to a delta function centered at
Given an annulus x, there is only one value of α = α(x) given by the inverse function of Using (20) , we can compare P (x, M), Eq. (19) , to the multiscaling form (4) and find
Thus, in contrast to case (A), case (B) results in multiscaling.
In the same fashion, from (9a) and (11) we can demonstrate multiscaling for the density profile of the cluster. Again the gaussian in (11) tends to a delta function centered at x =x(α) and thus (20) also determines α(x) for the density profile. The resulting density
and displays multiscaling as in Eq. (6) with
in agreement with the result of Ref [27] .
The results (21) and (22) are not altogether surprising. In fact, the distribution N(α, x, M) for fixed α tends to a δ-function as M → ∞. In this limit, almost all the sites with a specific α-value are located at distancex(α) from the cluster seed -such that we refer to case (ii) as "strong localization." Vice versa, a specific location x singles out an α value α(x). From f (α) we then obtain the fractal dimension of the set of these α(x)-sites.
Eq. (22) can now be understood just as the usual relationship between mass and extension of a fractal object and, similarly, M −φ(x) , which describes the probability of deposition at x, is just the product of the growth probability M −να(x) at x and the multiplicity of the growth
In the case of strong localization it is particularly simple to obtain an understanding of the relationship between cluster structure and the distribution of growth probabilities.
The large α part of f (α) reflects the properties of the frozen region (small x) of the cluster, where the p i are so small that effectively no further growth will occur. One expects that the mass distribution in the frozen region is characterized by the fractal dimension of DLA.
This assumption is supported by the results of Refs. [28, 29, 34] . However, since α(x) is not constant for small x, and if our assumption (11) for the form of the joint distribution function N(α, x, M) is still valid, then f (α) has to be independent of α for large α. In fact, the phenomenon of a "phase transition" [35, 36] in DLA is consistent with such a behavior of f (α) [22] .
The exponential in the integrands of (12) and (19) turns into a power-law,
Given a value x, a steepest descent analysis of this integral yields
as condition for the value α * maximizing the integrand. As we vary x, the changing value α * defines a function α P (x) which enables us to write the Plischke-Rácz probability as
where
and C PR (x) is an amplitude. By comparison of relation (26) To analyze ρ A (x, M), we first write the condition for α * . In analogy to (25) ,
The α * values satisfying Eq. (28) define a function α ρ (x), when x is varied. Unlike the strong localization case (B), α ρ (x) differs from α P (x). We can use the function α ρ (x) and the method developed in Eq. (18) to express ρ A (x, M) as
where C ρ (x) is an amplitude and the multiscaling exponent
The numerical data presented in Sec. III are not sufficient to distinguish between cases (A) through (C) for all values of α. However, for the particular value α = 1.36, for which the statistics is good, we find the data consistent with case (C). In the following section we will provide further support for the multiscaling idea.
In the preceding discussion we have seen that the existence of two different length scales, namely the average locationx(α) and the width ξ(α, M) in cases (B) and (C) leads to multiscaling for both P (x, M) and ρ A (x, M). In contrast, we do not find multiscaling in case (A), where only one length scale is present -bothx(α) and ξ(α, M) are M independent.
V. MULTIFRACTALITY
Another interesting quantity -possibly accessible to experimental measurements -is the scaling behavior of "moments" of N(α, x, M). In this section, we will define a multifractal analysis for the p i contained in an annulus at distance x in analogy to the multifractal formalism presented, e.g., in Refs. [20, 21] .
Usually, a multifractal analysis is performed on a set of numbers that are normalized.
However, the sum of the growth probabilities p i restricted to an annulus is less than one, since the p i are normalized with respect to the entire cluster. Here, we will base our analysis on the unnormalized set of p i at a specific distance x from the cluster seed and postpone to App. B a discussion of what happens if we use normalized probabilities instead.
Our first step is to define a "partition function"
where q is an arbitrary real number [30, 37] . The function Z(q, x, M) can also be considered the q th "moment" of the distribution N(α, x, M). Second, we define the scaling indices τ (q, x) as a function of q for different x by
If τ (q, x) is a linear function of q, then conventional "gap scaling" is obtained, while otherwise we call the measure underlying the "moments" Z(q, x, M) multifractal. It is then convenient
The quantity f L (α L ) can be interpreted as the fractal dimension of the set of points characterized by α L [20] in the annulus x. We analyze the scaling behavior of the moments by performing a steepest descent analysis of (31) . Substituting N(α, x, M) in its analytical
form (11) into Eq. (31) yields
As in Sec. IV we will now discuss the consequences of different asymptotic behavior of the width of the growth zone of the cluster.
For the case of constant width (cf. Sec. IV A), we find that the dominant contribution to the integral (34) arises at a value α * = α * (1) given by
From Eq. (35), we can anticipate the result,
which we obtain after consideration of Eqs. (32) and (33) . Eq. (36) states that for case (A) the full, unaltered multifractal spectrum is found in all annuli x. Thus, given the validity of Eq. (11), a constant width of the growth zone can only be maintained, if sites with both low and high growth probabilities are distributed evenly in the cluster [39] .
However, due to the the screening of the interior regions of the cluster, the growth probabilities for small x are significantly smaller than at the exposed sites on the exterior of the cluster. These smaller probabilities result in a shift of the distributions N(α, x, M) to larger values of α for small x. Thus, the multifractal spectrum f L (α L ) differs for different x (cf. [37] for the 3D case), in contrast to the result (36) above. 
are linearly dependent on q for fixed x. Thus, in case (B) gap scaling of the moments
The absence of multifractality in a given annulus x in case (B) is not surprising, since the strong localization of α-sites implies a very narrow spread of α values within a specific shell x. Narrow distributions, however, typically display gap scaling of their moments.
Again, the weak localization case is quite different. The value α * maximizing the integrand of (31) is given by
In contrast to Eq. (35), where the solution depends on q only, here α * is a function of both q and x, and we write α * = α q (x). From Eq. (32), we obtain
In (39) τ (q, x) is a nonlinear function of both q and x, so that its Legendre transform (33) depends on x. Thus, in case (C), the multifractal spectrum f L (α L , x) is a function of the location of the annulus x. In contrast to case (B), the width ξ(α, M) approaches zero so slow that the multifractality of case (A) is not destroyed as in case (B), but altered in its character. In fact, the x dependence of the multifractal spectrum f L (α, x) is the hallmark of multiscaling as encountered for P (x, M) and ρ A (x, M) in case (C), Sec. IV.
In Fig. 7 we display τ (q, x) for different values of x as a function of q [35] .
For large |q| the function τ (q, x) tends to straight lines with different slopes. The definitions (31, 32) show that for q < 0 the slope is determined by the mass dependence of the smallest growth probability p min (x) within the annulus x and for q > 0 by the mass dependence of the largest growth probability p max (x), respectively. Especially in the region 0 < q < 1, we observe a pronounced curvature of τ (q, x). Since the strong localization case predicts a linear behavior of τ (q, x) over the entire range of q values, we conclude that our findings disfavor strong localization.
Moreover, we see that τ (q, x) displays variation with the parameter x. If x becomes smaller, both p min (x) and p max (x) as functions of the cluster mass decay faster, because the interior frozen regions of the cluster are screened stronger. Thus, the two asymptotic slopes (for q → ±∞) of τ (q, x) increase. For example, for any given q, τ (q, x = 1.9) has everywhere a slope less than τ (q, x = 0.7). As a consequence, also the Legendre transforms of τ (q, x) are x dependent. This finding is consistent with the weak localization case (C). However, due to the comparatively small clusters that we have analyzed, we cannot exclude cases (A) or (B).
In Fig. 7 we see that τ (q, x) only starts to change appreciably for quite large x-values around x = 1.5. A similar phenomenon is observed in the numerical multiscaling analysis of the annular density of the cluster. There, the function D(x) is approximately constant = 1/ν up to x values of similar magnitude before D(x) drops to zero over comparatively small range.
For 3D off-lattice DLA, the multifractal properties of the growth probabilities {p i } in an annulus were calculated in [37] . Although no statement about N(α, x, M) for 3D DLA was made, the results display qualitatively the behavior predicted above in the cases (A) and (C) for 2D DLA.
VI. CONCLUSION
We have discussed different possibilities for the analytical form of the joint distribution function N(α, x, M). For cases (B) and (C), where two different length scales enter into N(α, x, M), we find multiscaling behavior of the Plischke-Rácz probability P (x, M) and the density profile ρ A (x, M) of DLA clusters. Moreover, we find that the scaling behavior of the moments of the growth probability distribution constrained to an annulus x is different in all cases. For (A) and (C), we encounter multifractality, which in case (C) bears an additional feature typical for multiscaling: the x dependence of a scaling "exponent." Our data and previous work is consistent with case (C), although further numerical work to clarify the rich scaling properties of N(α, x, M) is clearly desirable.
Our results for all the different cases discussed above are summarized in Table I .
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APPENDIX A: SPATIAL DISTRIBUTION OF DEAD AND ALIVE PERIMETER
SITES
In this appendix, we discuss the properties of the distribution of dead perimeter sites [19] . These sites with growth probability exactly equal to zero result because specific configurations of cluster sites enclose perimeter sites in such a way that they can no longer be reached from the exterior of the DLA cluster. If dead sites are predominantly formed due to specific local configurations, then the fraction of perimeter sites that are dead will not change as the cluster grows [19] . Moreover, the spatial distribution of dead sites is then proportional to the distribution of alive sites, i.e.,
On the other hand, if the dead sites were found mainly near the region of small p i , then
A (x, M) would be shifted towards the center of the cluster. In Fig. 3 , we notice that the shape of both distributions looks almost identical. The similarity in form is an evidence favorable to the above stated "local configuration argument," and shows that the dead sites are uniformly distributed over the cluster.
The simplest local configuration producing a dead site is the "L" configuration shown in Fig. 1a . In general, also more complicated configurations will contribute (Fig. 1b-e) . A coarse graining over the scale of lowest order configurations of this kind is necessary to see that the densities of dead and alive perimeter sites are proportional. Reference [19] finds a value (0.365 ± 0.01) for the ratio of the number of dead perimeter sites to the total number of perimeter sites for 2D square-lattice DLA.
APPENDIX B: CONSEQUENCES OF NORMALIZATION FOR THE MULTIFRACTAL ANALYSIS
Here, we will briefly explore the consequences of normalizing the growth probabilities p i within an annulus x prior to performing the multifractal analysis suggested in Sec. V. We determine an x and M dependent normalization factor N (x, M) to multiply each p i , such that the sum over the growth probabilities for fixed x equals 1. The normalization procedure alters the value of α associated with each p i tõ
Now, the distribution of theα isÑ (α, x, M), which is related to N(α, x, M) bỹ
In analogy to Eq. (31) we denote the q th "moment" of N(α, x, M) byZ(q, x, M), i.e.,
From the normalization we know that the first moment ofÑ(α, x, M) is equal to 1. It follows
We continue along the lines in Sec. V and define the equivalentτ (q, x) to τ (q, x),
If the normalization constant N (x, M) displays power-law scaling with the cluster size R, thenτ (q, x) and τ (q, x) differ only by a linear function. How does this difference affect the Legendre transform ofτ (q, x) when we compare it to the transform of τ (q, x) which is defined in Eq. (33)? First, we calculate the slopeα L of τ (q, x),
Since N (x, M) is always less than one, we see thatα L is merely α L shifted by a constant to smaller values. Second, Legendre transformingτ (q, x) yields
Thus, we retain the functional form of the Legendre transform f L (α L ) of τ (q, x) and the only difference tof(α L ) is that the latter is shifted towards smaller values of α.
For example, if we use the formalism presented in this appendix to calculate thef L (α L )
for the strong localization case (cf. Sec. V B), we find that
where f L denotes the constant value of f L (α(x)) for a given x. In order to interpret the result (B12), consider the normalization condition p i (x) = 1 within an annulus. In the strong localization case, the annulus x is characterized by only one α. Thus, the the product resulting from an analysis of the growth probabilities of the entire cluster ( ). Since 2D DLA displays a phase transition [40, 41] , τ (q, x) for negative q can only be considered an "effective" exponent which will display larger and larger slopes as M → ∞.
TABLES
ρ A (x, M ) P (x, M ) N (α,
